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Appearing everywhere from state-of-the-art While FE; has finitely many rational points, Fq7
cryptosystems to the proof of Fermat’s Last Theorem, has infinitely many rational points - something
elliptic curves play an important role in modern society that cannot be seen by looking at their real-valued
and are the subject of much research in number theory grapnhs.

today.

't turns out that the set £/(Q) of rational points enjoys

An elliptic curv fined over the rational number " .1 . .
elliptic curve £ defined over therational numbers additional structure: it is an abelian group. This means

(fractions) is a smooth plane curve of the form

;. that given rational points P and (), thereis a way to
y " =1"+Ar+ B broduce the sum P + @, and this is another rational
together with a special point O “at infinity”. point. Indeed, there is a geometric way to carry out this

addition. Draw theline through P and (). This intersects
the elliptic curve in a third rational point R, and the
reflection of Rinthe z-axisisthesum P + (), as seen
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E17:y2:a’;3+17

, - One difficult open question is the following: given an
A fundamental problem in the study of elliptic curves elliptic curve E over the rationals, how do we find

s the following: given an elliptic curve E defined over the generators of E(Q)? Infact, giving an algorithm

t_he rationals, find '?S >EL E(@Q) of ratlgna\ pgomts. to calculate how many (independent infinite-order)
or example, the elliptic curve £y @ y” = 27 + 1 generators there are - a quantity known as the algebraic

nas precisely 6 rational points, given by the set Sk of B(O) - would be a breakthrouah. This i tl:e
{0, (=1,0),(0,+£1), (2, £3)}. The elliptic curve Q) g

7 2 3, 17 | | | subject of the Birch and Swinnerton-Dyer conjecture,
17 -y~ = &~ + 17 has, among its rational points, the one of the Clay Mathematics Institute’s million-dollar
following: Millennium Prize Problems.
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